Recently, the subradiant states of one-dimensional two-level atom chains coupled to light modes were found to have decay rates obeying a universal scaling, and an unexpected fermionic character of the multiply-excited subradiant states was discovered. In this Letter, we theoretically obtain the singly-excited subradiant states, and by eliminating the superradiant modes, we demonstrate a relation between the multiply-excited subradiant states and the Tonks-Girardeau limit of the LiebLiniger model which explain the fermionic behavior. In addition, we identify a new family of states with correlations different from the fermionic ansatz.
To achieve controllable and deterministic photon-atom interfaces for applications in quantum information processing and quantum sensing, large atom ensembles are usually used to enhance the coupling to photons [1] . The photons induce both coherent and dissipative atom-atom interactions that yield collective phenomena of super-or sub-radiance [2] , wherein a collective excitation of the atom ensemble decays faster or slower than individual atomic excitations. While superradiance has been extensively studied since the seminal work of Dicke [3] , subradiance of a large ensemble was observed only very recently in cold atom clouds [4, 5] and metamaterial arrays [6] . Comprehensive theoretical tools for the subradiance are still elusive due to the complicated long-range interactions and many-body features of the atomic ensembles [7, 8] . A one-dimensional (1D) chain of equally spaced two-level atoms offers the simplest geometry to gain insight in the collective decay mechanisms, and implementation of such chains coupled to nanofibers [9] , 1D waveguides [10] and to the full vacuum electromagnetic field in 3D free space [11] has attracted considerable attention. Super-and subradiance phenomena are in these systems supplemented by further interesting properties and applications such as atomic mirrors [12] , photon Fock state synthesis [13] , enhancement of cooperativity [14] and applications in quantum computation [15] .
Recently, the subradiant states of such 1D chains of N qubits in 3D free space [16] and coupled to 1D waveguide [17] were numerically found to have a series of seemingly univesal properties: In the one-excitation sector where only one of the N atoms is excited, if we sort all eigenstates (to be elaborated) by increasing decay rates with integer labels from ξ = 1 to ξ = N , the most subradiant states (ξ N ) have decay rates γ ξ ∝ ξ 2 /N 3 . In the multi-excitation sectors, the most subradiant states have a fermionic character, e.g., a most subradiant state with two excitations is given by |F 1,2 ∝ i<j (c 1,i c 2,j − c 1,j c 2,i )|e i , e j , built from subradiant states |ψ 1(2) = i c 1(2),i |e i in the one-excitation sector, where |e i (|e i , e j ) represents the state with the ith (ith and the jth) atom excited to |e while all other atoms are in the ground state |g . The decay rate of |F 1,2 is the sum of the decay rates of |ψ 1 and |ψ 2 . The infidelity of the fermionic ansatz |F 1,2 to exact numerical results scale as N −2 and N −1 for two different classes of states.
It is intriguing how these properties arise and why they are universally seen in systems with different atomatom couplings. A thorough theoretical understanding is needed to guide further experimental studies and applications of subradiance. In this Letter, we provide such understanding based on the approach summarized in Fig.  1 Spin Models-For light-matter interactions where the Markovian approximation is applicable, we can eliminate the light modes to obtain a master equation describing only the atoms [18] . The master equation is equivalent to a Monte Carlo wave function formalism [19] , where the atomic state evolves stochastically under quantum jumps and deterministically under H = H 0 + H eff , where H 0 is the bare Hamiltonian of the atoms and the nonHermitian H eff describes both coherent and dissipative atom-atom interactions mediated by the vacuum field. The right eigenstates of H, or equivalently of H eff [16] , in each manifold of states with any given number of atomic excitations have decay rates that are twice the imaginary part of the corresponding right eigenvalues. We focus our analysis on the qubit chain coupled to a 1D waveguide, but our treatment provides sufficient insight to also account for the case of coupling to 3D vacuum field (see the Supplemental Material). For an atom chain coupled to a 1D waveguide, we have [12, 17] :
where Γ D is the decay rate of a single atom coupled to the waveguide [12] , k D is the wavenumber of the waveguide mode resonant with the atomic transition, and σ m = |g m e|, the Pauli lowering operator acting on the mth atom. We assume the atoms are equidistantly spaced by d so that the coordinate of the mth atom is z m = md. For convenience, we shall denote
One-Excitation Sector -Given a large N , the eigenstates of Im H eff divide the one-excitation sector into a two-dimensional superradiant subspace (SRS) spanned by states |±k with the superradiant states which has an N −1 rather than the desired N −2 scaling. However, a proper superposition of the degenerate states |k and |−k of the 1D system may have a destructively interfering overlap with the SRS, and thus much smaller decay rates. We note the exact result
where
=± cot(
. It follows that a superposition of |k and |−k is an eigenstate of H eff with eigenvalue ω k and no tails if k is a solution to the equation
This equation has solutions for complex values of k as long as k = ±k D . In the regimes k ≈ 0 or ±π/d, supposing k ξ = 0 + δ ξ and k ξ = −π/d + δ ξ respectively, we find to order N −2 , Substitution of Eq. (3) into the expression for ω k , which is parabolic near k ≈ 0 and ±π/d, yields the corresponding decay rates:
The above derivation explicitly leads to the ξ 2 /N 3 -scaling found by numerical diagonalization of H eff [17] . For completeness and later convenience, we give the expression of the eigenstates,
ξ and is also independent of k D .
Universality-We highlight three features of the above solutions that are relevant for the applicability of the ξ 2 /N 3 -scaling in more complex systems: Subradiant multiply-excited states-When the number of spin wave excitations n e N , the Holstein-Primakoff (HP) transformation [20] applies and one may replace σ † m σ n of Eq. (1) with the bosonic operators b † m b n and obtain a quadratic bosonic H eff . It reproduces correctly the superradiant modes with wavenumber ±k D . But for the subradiant multiply-excited states, the predicted states, i.e., bosonic exchange symmetry combinations of subradiant one-excitation states, have decay rates scaling as N −1 , i.e., much larger than the numerically observed N −3 -scaling [16, 17] . Instead, fermionic exchange anti-symmetric combinations were found to match the numerical results well [16, 17] .
To see why the fermionic ansatz has the N −3 decay rate, we introduce the two-excitation state |k 1 , k 2 = m<n e ik1zm+ik2zn |e m , e n , and evaluate
where the factors g k,± and h k,± are given after Eq.(2), c k1,k2, =g * k1, + g k2, and |b k,k =|k, k + |k , k . All these factors scale as N −1 rather than the desired N −2 -scaling. To reduce them to N −2 , as in the one-excitation sector, we may exploit the superpositions of |k 1 , k 2 , |−k 1 , k 2 , |k 1 , −k 2 and |−k 1 , −k 2 to construct state |φ k1 , φ k2 = m<n φ k1 (z m )φ k2 (z n )|e m , e n , where φ k (z m ) = e m |φ k . Then in the expression of Im H eff |φ k1 , φ k2 , the state amplitudes on |b k 1(2), k D , but not on |b k1+k2− k D , k D , are successfully reduced to N −2 -scaling. To also suppress the latter, we form the superposition with the permuted state |φ k2 , φ k1 . The suitable superposition turns out to be "fermionic", i.e., |F k1,k2 ∝ |φ k1 , φ k2 −|φ k2 , φ k1 . The fermionic behavior also applies in regimes with more than two excitations [16, 17] .
The |b k1+k2− k D , k D state components appear due to "scattering" with the superradiant modes with wavenumber k D , and are essential to understand the role played by the fermionic states. The scattering terms appear in the Holstein-Primakoff transformation only if we include the second order corrections due to saturation, i.e.,
Here, b †
m and the summation over wavenumbers is taken over an orthonormal basis {|k } k containing |±k D . Note that the action of the quartic Q operator is to map the state b †
|∅ as in Eq. (6). Thus the quartic terms Q and Q † must be taken into account in order to understand the fermionic behavior. In contrast to its role in many other applications, the saturation of the individual atomic excitation plays a significant role even in the low saturation regime (n e N ). The quadratic H SR defines the (bosonic) DS spanned by states |ψ satisfying b ±k D |ψ = 0, and the complementary (bosonic) SRS. As shown in the right panel of Fig. 1 , terms Q and Q † couple the two spaces. Therefore, the effect of Q and Q † on the most subradiant states can be distilled by eliminating the degrees of freedom of the SRS, in a manner similar to the adiabatic elimination of excited state manifolds to yield the effective dynamics of quantum systems within their ground state manifold [21] . The bosonic SRS with only a single excitation of the superradiant modes has the strongest coupling to the DS. We hence omit other SRS and the effective coupling among subradiant states reduces to
† P SRS QP DS , with projection operators P DS(SRS) on the DS and SRS, respectively. To evaluate this expression we use the operator relations (valid on the DS), 
That is, V sub imposes a large decay rate O(Γ D ) upon states having more than a single HP boson excitation at the same site.
As illustrated in Fig. 1 , for the most subradiant states, the quadratic terms of the HP transformation of
Disregarding quartic contributions to Re H eff , the effective theory for the manifold of the most subradiant states is therefore governed by
In the Supplemental Material we show that the continuous limit of N Im H sub is the second-quantized form of the Hamiltonian,
where c LL = N dΓ D /8 and H (x i ) is a single-particle potential that traps the bosons in the interval [0, N d] and produces the one-excitation states |φ k ξ given by Eq. (5). The effective mass m * = ξ 2 π 2 /(2N 3 d 2 γ ξ ) depends on k D and d but not on N . The observation behind Eq. (9) is that N γ ξ has the form of the kinetic energy,
As c LL ∝ N diverges with N , Eq.(9) yields the TonksGirardeau, hard-core boson limit [22, 23] of the LiebLiniger model [24] . In this limit, the bosonic eigenstates of H can be obtained via a fermion-boson mapping † m b † n |∅ (e iϕ = 1 is introduced for later convenience). Finally the reversed HP transformation b † m b † n |∅ → |e m , e n leads to exactly the fermionic ansatz of the two-excitation sector [16, 17] . The above mapping also applies to more excitations [23, 25] , and the states obtained are also eigenstates of the singleparticle part of Eq. (9), and thus of Re H sub and, consequently, of H sub . The Hamiltonian eigenvalues are not changed by the fermion-boson mapping, and the decay rates of the most subradiant multiply-excited states are merely the sum of the decay rates of its one-excitation constituents, (a direct implication of the representation as non-interacting fermions). However, as we shall see below, the fermionic states do not cover all subradiant eigenstates.
The effective coupling V sub also applies to atom chains in 3D free space where the ξ 2 /N 3 -scaling holds in the oneexcitation sector. Now, we have to eliminate the SRS modes in the interval [−k 0 , k 0 ]. As the coefficients of V sub depend only on the sum of the decay rates of the atoms, c LL ∝ N and the fermionic behavior still holds as confirmed by numerical calculations [16] .
Beyond Fermionic Ansatz-For a finite atom chain, the fermionic ansatz |F ξ1,ξ2 slightly deviates from the numerical eigenstates |ψ num ξ1,ξ2 . The deviation quantified by the infidelity 1−| F ξ1,ξ2 |ψ num ξ1,ξ2 | 2 , is numerically found to scale as N −2 when both components, |φ k ξ 1 and |φ k ξ 2 , come from the same branch of the one-excitation subradiant states, i.e., k ξ1 , k ξ2 ≈ ±π/d (or both ≈ 0); otherwise, the infidelity scales as N −1 (when k ξ1 ≈ ±π/d and k ξ2 ≈ 0) [16, 17] . These behaviours can also be explained from the Lieb-Liniger model of Eq. (9). The fermion-boson mapping is not exact since c LL is always finite, and the phase factor e iϕ mentioned above deviates from unity by a factor in the form of (k ξ1 − k ξ2 )/c LL [24] . Since k ξ1 − k ξ2 is about O(N −1 ) or π/d in the two cases considered, while c LL scales as N , their ratio scales exactly in the same manner as the numerically observed infidelities. Also, larger discrepancies with the fermionic ansatz are detectable when the decay rates increase.
The fermionic ansatz does not exhaust all the most subradiant eigenstates. For a medium-size ensemble of N = 20 atoms, we numerically obtained all the oneand two-excitation eigenstates of H eff , and evaluated the maximal fidelity a fermionic ansatz from one-excitation states can achieve for every two-excitation eigenstate in Fig. 2 . It confirms that the fermionic ansatz is a good approximation for a broad range of the most subradiant states, but also highlights a few exceptions by the dips in the fidelity bar-chart. These exceptions were not noticed in previous studies, and we observe that the states are composed of components |k 1 , k 2 with definite values of k 1 + k 2 , as illustrated in Fig. 2(c) . Further discussion of these states is out of the scope here and will be deferred to future works.
Conclusions-In this Letter, we have theoretically explained the ξ 2 /N 3 -scaled decay rates found numerically in [16, 17] for the most subradiant states of atom chains coupled to 1D waveguide and 3D free-space modes. We obtained an effective coupling between the subradiant modes by eliminating the superradiant modes from the theory. In the multi-excitation sector, this coupling engages higher order terms of the Holstein-Primakoff transformation and maps the spin model to the Lieb-Liniger model [24] of a 1D hard core boson gas in the TonksGirardeau limit [22, 23] . It is the fermion-boson mapping of that system [23, 25] that explains the fermionic behavior of the subradiant multiply-excited states [16, 17] , and, conversely offers interesting prospects for studying quantum fluctuations [26] [27] [28] in the Tonk-Girardeau limit of the Lieb-Liniger gas theory by detection of the excited state correlations among the atoms in a subradiant chain. We also noticed the existence of subradiant state beyond the fermionic ansatz. These results reveal the richness of subradiance physics and may facilitate experimental applications of subradiance [12] [13] [14] [15] and inspire further study of subradiance in light-matter interactions of more complex geometries, e.g., with chiral waveguides that break the parity symmetry [29] and with setups with topological effects [30, 31] .
